Abstract: Let K be a CM field and O be its ring of integers. Let p be an odd prime integer and p be a prime in K lying above p. Let F be a Galois extension of K unramified over p. For an Abelian variety A defined over F with complex multiplication by O, we study the variation of the p-ranks of the Selmer groups in pro-p algebraic extensions. We first study the Z pextension case. When K is quadratic imaginary and E is an elliptic curve, we also study the p-ranks of the Selmer groups in an unramified p-class field tower.
Introduction
Let F be a number field and A an Abelian variety defined over F . The MordellWeil theorem states that the group of rational points A(F ) is finitely generated. In particular, this group has a well-defined rank:
r(A, F ) = rank Z A(F ).
On the other hand, A(F ) is a divisible group. One can ask how the rank changes as F varies over a family of fields. In particular, if we consider a tower of fields
what can be said about the sequence r(A, F n )?
This problem was studied by Mazur [14] in the case that the tower of fields defines a Z p extension. Mazur developed an analogue of Iwasawa theory for this M [φ n ] for n ∈ N, i.e.,
3.2. A brief review of Selmer groups. We assume that L/F is an algebraic extension of F . Let A, B be two Abelian varieties defined over F . Suppose an isogeny φ : A → B is given. Then the short exact sequence 0 → ker φ → A → B → 0 gives rise to the following fundamental short exact sequence
by Galois cohomology. The connecting homomorphism κ is defined as follows. The Selmer group of A over L with respect to the isogeny φ, is the group
The Shafarevich-Tate group of A over L is the group
Easily by diagram chasing, these two groups and the Mordell-Weil group are related by the following important fundamental exact sequence
We consider the isogenies φ n for every n ≥ 1. For every pair (n, m) such that n ≤ m, we have the following commutative diagram
where the vertical maps are natural injections. Furthermore, the local analogue of the above diagram also holds and the restriction maps are compatible with the diagrams. Thus they induce the following diagram
Taking the direct limit, one has the exact sequence
The φ-primary part of the Selmer group Sel A (L) is then defined to be
3.3. A five term exact sequence. This subsection follows Greenberg's exposition ( [9] ). We identify
where the local Kummer mapping is the map
then one has an exact sequence
One has the following commutative diagram with exact rows
where the vertical maps s L/F , h L/F and g L/F are natural restrictions. The snake lemma then gives the exact sequence:
This five term exact sequence is of extreme importance in our paper.
3.4. Two types of isogenies. Let us consider two types of isogenies.
(i) Let the isogeny φ be the multiplication-by-p map. Then
The study of the natural restriction
is the so called control problem in the study of arithmetic of Abelian varieties. Mazur's famous control theorem is the following result. Greenberg's exposition [9] formulated a general plan to attack this problem by using the above exact sequence (5) . Namely, through the study of the behavior of ker h L/F , coker h L/F and ker g L/F as F varies, one can get information about ker s L/F and coker s L/F . The kernel and cokernel of h L/F are not hard to describe, and are given by the inflation-restriction sequence. However, ker g L/F is much more difficult to study.
In the definition of g L/F , the local restriction map was extensively involved. For every prime v of F and a prime η of L over v, let r v = r v ,η be the local restriction map
. By carefully studying r v and hence r L/F , Greenberg obtained information about ker g L/F , and thus obtained generalized control theorems for the case that G is a p-adic analytic group, in particular, the cases G = Z p and
(ii) In this paper, we are interested in another type of isogeny. Let K be a CM-field and F/K be a Galois extension. Assume that A is an Abelian variety defined over F and having complex multiplication by the ring of integers O K of K. Let p be a prime in K lying over p. Let p h = (α) for some integer h > 0 and α ∈ O K . Then the multiplication-by-α map is an isogeny of A. Moreover, one has 
We shall study two cases in this paper. The first is the case that A is a general Abelian variety with complex multiplication and L/F is a Z p -extension. In this case, we will give a theorem(Theorem 2) in § 4, which is an analogue of Mazur's control Theorem. It is very likely known to the experts but we could not find an appropriate reference. The second is the case that the Abelian variety is actually an elliptic curve E and the extension L/F is an infinite class field extension. Note that L/F is a non-Abelian extension in this case. Our main result is stated in Theorem 4 in §4.
The Z p -extension case
In this section, we let K be a CM field and F/K be a Galois extension. Let O be the ring of integers of K. Let A be an Abelian variety defined over F and with complex multiplication by O. Let p be a prime of K lying over p. Let L/F be a Z p -extension with Galois group Γ. We shall prove the following theorem in this section.
Theorem 2. Assume that A has good ordinary reduction at all primes of F lying over p. Then the natural maps
has finite kernel and cokernel of bounded order as n varies, where F n is the unique subextension of order p n in L/F . To prove the above theorem, we are going to use the exact sequence (5) .
Let us first consider ker h n and coker h n . We have Lemma 1. The order of ker h n is bounded as n varies; the cokernel coker h n vanishes for every n ≥ 0.
Proof. By the inflation-restriction exact sequence, one has
Since Z p has cohomological dimension 1, we have H 2 (Γ n , A(L) p ) = 0 and thus coker h n vanishes. Let γ be a topological generator of Γ, then γ p n is a topological generator of Γ n . We have
Treating γ p n − 1 as an endomorphism of A(L) p , one see easily that the kernel of it is just A(F n ) p , a finite group. Thus
and so
which is finite and independent of n.
Let v be a place in F . Let v n be a place of F n lying over v and let η be a place in L lying above v n . We consider the kernel of the restriction map
(ii) If v non-archimedean, and v p, then we claim that im
is a finite group, so that im κ vn = 0. Similarly one has im κ η = 0. (One can also prove this claim by using Mattuck's Theorem that for a local
By the inflation-restriction sequence, then (iii) Now we discuss the case v | p. By our assumption, A has good ordinary reduction at v. We let Γ vn = Gal(L η /(F n ) vn ). If v is unramified at L/F , by the proof of Proposition 2.3 of Greenberg [9] , we know that ker r vn = 0 for all v n . Now suppose v is ramified at L/F , then v n is totally ramified for n 0. Let F be the formal group attached to the Néron model of A at the local field F v . Fix an algebraic closure F v of F v . Let m be the maximal ideal of F v . We assume L η is contained in F v . The choice of F v is not essential. As A has good ordinary reduction at v, dim A = height F and we denote it by g. We have an exact
for every algebraic extension M of F v .
In the paper [4] , Coates-Greenberg studied the corresponding p-case, i.e.,
for every algebraic extension M of F v . According to (4. 
. By using Poitou-Tate local duality theorem again, the Z p -corank of C must also be g and thus im
Note that im λ M /(im λ M ) div has order bounded by |Ã(m) p | where m is the residue field of M . For the Z p -extension L η /F v , we write λ Fv n , κ Fv n , r vn as λ n , κ n and r n for simplicity. Since the residue fields f vn stabilize for n 0, hence im(λ Lη )/ im(κ Lη ) is a finite group. On the other hand, G Lη has p-cohomological dimension 1, then H 1 (L η , C) is divisible and im(λ Lη ) = im(κ Lη ).
Then from
ker a n ∼ = im(λ n )/ im(κ n ), ker r n / ker a n = ker b n . Now ker a n is just im(λ n )/ im(λ n ) div . The order of ker a n is equal to the p-part ofÃ(f n ), which is bounded by a finite number independent of n. As for ker b n , by the exact sequence
and a diagram chasing as in Greenberg [9, Page 19], one has
The last term again has an order ofÃ(f n ) p for n 0, bounded and independent of n. Thus we have
is bounded by |Ã(f n ) p | 2 for n 0.
Lemma 4. As n varies, the product vn|p
ker r vn over all primes v n | p in F n is a finite set bounded by an absolute constant independent of n.
By Lemmas 2 and 4, ker g n is of finite order and bounded, and by Lemma 1, ker h n and coker h n are finite and bounded, we thus finish the proof of Theorem 2,
Infinite class field tower
Let p be a fixed prime number. Let F be a number field. Let F ∞ be the maximal unramified p-extension of F and put Γ = Γ F = Gal(F ∞ /F ). Let {Γ n } n≥0 be the derived series of Γ. For every n ≥ 0, the fixed field F n+1 corresponding to Γ n+1 is then the the p-Hilbert class field of F n . Let ρ(k) (resp. ν(k)) denote the p-rank of the ideal class group of a number field k(resp. the rank of the unit group).
In 1964, Golod-Shafarevich [7] proved that if ρ(F ) ≥ 2 + 2 ν(F ) + 1, then Γ is infinite, thus established for the first time the existence of infinite p-class field tower. Stark asked the following question: Does the p-class rank ρ(F n ) of the layers in an infinite p-class field tower tend to ∞ as n tends to ∞? One way to reformulate Stark's question is the following. For any finitely generated pro-p group G, let Z/pZ be a G-module on which G acts trivially and set
is just the number of minimal generators of G. By Burnside's basis theorem, we know that h 1 (G) = h 1 (G ab ). In particular, in the p-adic class field tower case,
As Without assuming the Fontaine-Mazur Conjecture, recently Hajir [11] and Boston [2] proved the following theorem:
holds, then the group Γ is not p-adic analytic and the p-class rank ρ(F n ) tends to infinity with n → ∞.
6. The case of elliptic curves in an infinite class field tower 6.1. Questions and main result. In this section, let K be an imaginary quadratic field and O = O K be the ring of integers of K. Let p be an odd prime number. Assume that F is a finite Galois extension of K for which ρ(F n ) → ∞ as n → ∞. As we have observed in § 5, this holds if F satisfies the Golod-Shafarevich inequality or if F has an infinite p-class field tower under the Fontaine-Mazur Conjecture.
We assume p = pp splits in K and p is unramified over F/K. Let E be an elliptic curve defined over F which has complex multiplication by O. We assume that E has good ordinary reduction at all primes above p in F . We write M p for the p-primary part of an O-module M . Let r and r n be the Z/pZ-ranks of
respectively. By analogy with Stark's question, we would like to ask the following two questions about r and r n :
(1). Is r n bounded? If not, is it true that r n → ∞ if n → ∞? (2) . Is it true that r = ∞?
In the following, the p-rank of an O-module M is defined to be the Z/pZ-rank of M p [p]. We will prove the following result. 
whose image is of finite index in Z × p . Via χ ∞ , the decomposition of Z × p = µ p−1 × (1 + pZ p ) rises to the corresponding decomposition of Gal(L/F ) as ∆ × Γ , where ∆ is a subgroup of µ p−1 and Γ is a subgroup of 1 + pZ p . Let L be the unique Z p -extension of F insideL which is fixed by ∆. The classical theory of complex multiplication shows that L is actually the composition of F and the unique
We have the following elementary but useful lemma: 
Proof. The intersection F ∞ ∩ L must be an abelian extension of F since L/F is abelian. However, the maximal abelian quotient of F ∞ /F is nothing but the p-Hilbert class field
By the above lemma, Γ n is a subgroup of Γ and as n varies, there are only a finite number of choices of Γ n since each of them must contain the open subgroup
Let M n be the maximal abelian pro-p extension ofL n unramified outside p and let
]-module. Moreover, we have the following result of Coates.
Theorem 5 (Coates). Let χ be the restriction of χ
which induces an isomorphism of Galois modules
To study the map g n , we first study ker r v of the local restriction map
for v a place in F n and η a place in L n above v. There are three cases to consider. By the above analysis, we see that ker g n = 0 for every n ≥ 1, hence Lemma 10. The orders of ker s n and coker s n are both 0 for every n ≥ 0. Now we can finish the proof of Theorem 4.
Proof of Theorem 4. First we prove (1). By Lemma 8 and its remark, the p-rank of Sel E (L n ) Γ n p is unbounded and tends to infinity as n tends to infinity. Now by Lemma 10, the map
is an isomorphism, hence the p-rank of Sel E (F n ) p is unbounded and tends to infinity as n tends to infinity.
For (2) , since E(F ) p = 0 and F ∞ /F is a pro-p extension, by Lemma 
